We present a very quick and powerful method for the calculation of heat-kernel coefficients. It makes use of rather common ideas, as integral representations of the spectral sum, Mellin transforms, non-trivial commutation of series and integrals and skilful analytic continuation of zeta functions on the complex plane. We apply our method to the case of the heat-kernel expansion of the Laplace operator on a D-dimensional ball with either Dirichlet, Neumann or, in general, Robin boundary conditions. The final formulas are quite simple. Using this case as an example, we illustrate in detail our scheme -which serves for the calculation of an (in principle) arbitrary number of heat-kernel coefficients in any situation when the basis functions are known. We provide a complete list of new results for the coefficients B 3 , ..., B 10 , corresponding to the D-dimensional ball with all the mentioned boundary conditions and D = 3, 4, 5.
Introduction
An important issue for more than twenty years now has been to obtain explicitly the coefficients which appear in the short-time expansion of the heat-kernel K(t) corresponding to a Laplacian-like operator on a D-dimensional manifold M. In mathematics this interest stems, in particular, from the well-known connections that exist between the heat-equation and the Atiyah-Singer index theorem [1] . In physics, the importance of that expansion is notorious in different domains of quantum field theory, where it is commonly known as the (integrated) Schwinger-De Witt proper-time expansion [2, 3] . In this context, the heat-equation for an elliptic (in general pseudoelliptic) differential operator P and the corresponding zeta function ζ P (s) has been realized to be a particularly useful tool for the determination of effective actions [4] and for the calculation of vacuum or Casimir energies [5] (a fundamental issue for understanding the vacuum structure of a quantum field theory). Here usually the derivative ζ ′ P (0) of the zeta function [4] and its value at s = −1/2 (sometimes the principal part) are needed [5, 6] .
In this paper we would like to exploit another property of the zeta function ζ P (s) corresponding to an elliptic operator P , namely its well-known close connection with the heat-kernel expansion. In spite of the fact that almost everybody is aware of such connection, its actual use in the literature has remained very scarce till now. If the manifold M has a boundary ∂M, the coefficients B n in the short-time expansion have both a volume and a boundary part [7, 8] . It is usual to write this expansion in the form For the volume part very effective systematic schemes have been developed (see for example [9, 10, 11] ). The calculation of c n , however, is in general more difficult. Only quite recently has the coefficient c 2 for Dirichlet and for Neumann boundary conditions been found [12] [13] [14] [15] [16] [17] . Very new results on the coefficient B 5/2 for manifolds with totally geodesic boundaries will be given in [18] . When using the general formalism of Ref. [12] for higher-spin particles, Moss and Poletti [19, 20] found a discrepancy with the direct calculations of D'Eath and Esposito [21] (see also [22] [23] [24] [25] ). The latter results have been confirmed in [26, 27] , where a new systematic scheme for the calculation of c 2 has been designed in the context of the HartleHawking wave-function of the universe and for the case when the whole set of basis functions is known [26, 27] . Finally, very recently the discrepancy has been resolved completely [28] and now the results that are found using the general algorithm [29] are in agreement with those coming from the direct calculations [21] [22] [23] [24] [25] [26] [27] .
K(t) ∼ (4πt)
The connection between the heat-kernel expansion, Eq. for p ∈ IN 0 . The aim of the present article is to show that these equations, (1.3) and (1.4), can actually serve as a very convenient starting point for the calculation of th coefficients B k , even in the cases when the eigenvalues of the operator P under consideration are not known. The good knowledge in explicit zeta-function evaluations that have been accumulated in the past few years (for a review of many results in this respect, see [31] ) will allow us to elaborate a very competitive method of calculation of the heat-kernel coefficients which makes use of rather common ingredients, such as integral representations of the spectral sum, Mellin transforms, non-trivial commutation of series and integrals and skilful analytic continuation of zeta functions on the complex plane.
To explain the method in detail we will consider the Laplace operator on the Ddimensional ball with Dirichlet, Neumann or (in general) Robin boundary conditions. Earlier investigations on the first few coefficients are due, for D = 1, to Stewartson and Waechter [32] , to Waechter in D = 2 [33] and to Kennedy [34, 35] in up to D = 5 dimensions (for recent results on the functional determinant of the Laplace operator on the three and four dimensional ball see [36] ). In these references the method was based on the use of Laplace transformations of the heat-kernel K(t) itself. In that method an intermediate cut off has to be introduced at some point -because one needs to consider the Laplace transform of a function which is singular at t = 0. In contrast, in our approach it is the complex argument s of the zeta function of the Laplace operator which very neatly serves for the regularization of all sums (in just the usual way [31] ).
The layout of the paper is as follows. In section 2 we briefly describe the eigenvalue problem of the massive Laplace operator on the ball and derive a representation of the associated zeta function in terms of a contour integral. We consider the massive Laplace operator because the analytical continuation procedure is slightly easier for the case of non-vanishing mass. In section 3 we describe how an analytical representation of the zeta function -valid in the strip (1 − N)/2 < ℜs < 1-can be obtained for any N, restricting our considerations in this section to D = 3 and to the case of Dirichlet boundary conditions. This representation will display very clearly the meromorphic structure of the zeta function. As is then shown in section 4, from this representation it is quite immediate to read off special properties, as the ones reflected by (1.3) and (1.4), in order to find the heat-kernel coefficients. In section 5 we explain the small changes in the procedure that are necessary in order to treat Robin boundary conditions, in general. Finally, in section 6 we study the modification to be introduced in the formulas for considering any arbitrary dimension D. In appendix A we exhibit some technical details of the calculation and in Apps. B, C and D we give explicit tables of the heat-kernel coefficients for Dirichlet, Neumann and general Robin boundary conditions, for the dimensions D = 3, 4, 5.
2 Heat-kernel coefficients on the D-dimensional ball As explained in the introduction, we are interested in the zeta function of the operator (−∆ + m 2 ) on the D-dimensional ball B D = {x ∈ IR D ; |x| ≤ R} endowed with Dirichlet, Neumann or Robin boundary conditions. The zeta function is formally defined as
with the eigenvalues λ k being determined through
(k is in general a multiindex here), together with one of the three boundary conditions above. It is convenient to introduce a spherical coordinate basis, with r = |x| and D − 1 angles Ω = (θ 1 , ..., θ D−2 , ϕ). In these coordinates, a complete set of solutions of Eq. (2.2) together with one of the mentioned boundary conditions may be given in the form
with J l+(D−2)/2 being Bessel functions and Y l+D/2 hyperspherical harmonics [37] . The w l,n (> 0) are determined through the boundary conditions by
(w l,n r) | r=R = 0, for Robin boundary conditions.(2.4)
As is clear, the case u = (1−D/2) of the (general) Robin boundary conditions corresponds to the Neumann boundary conditions. In this notations, using λ l,n = w 2 l,n + m 2 , the zeta function can be given in the form
where w l,n (> 0) is defined as the n-th root of the l-th equation. Here the sum over n is extended over all possible roots w l,n on the positive real axis, and d l (D) is the number of independent harmonic polynomials, which defines the degeneracy of each value of l and n in D dimensions. Explicitly,
Furthermore, here and in what follows the prime will always mean derivative of the function with respect to its argument.
To distinguish in the notation among the different cases, we will use the indices D, N and R to denote Dirichlet, Neumann and Robin boundary conditions, respectively. Thus, we will write ζ D , ζ N and ζ R for the corresponding zeta functions. Using for the moment the unified notation Φ l+(D−2)/2 (w l,n R) = 0 for the boundary condition Eq. (2.4), it turns out that Eq. (2.5) may be written under the form of a contour integral on the complex plane,
where the contour γ runs counterclockwise and must enclose all the solutions of (2.4) on the positive real axis (for a similar treatment of the zeta function as a contour integral see [38, 27, 39] ). This representation of the zeta function in terms of a contour integral around some circuit γ on the complex plane, Eq. (2.7), is the first step of our procedure. Depending on the value of the dimension D and on the boundary conditions chosen, the analysis of the zeta function, Eq. (2.7) -to be given below-will differ, but just in small details. For this reason, we will only describe at length the case of the threedimensional ball with Dirichlet boundary condition. The derivation of the analogous results for the other boundary conditions and higher dimensions will then be clear, and shall be indicated only briefly.
3 A quick procedure for calculating heat-kernel coefficients
As explained above, we will illustrate the procedure in the case of the three-dimensional ball with Dirichlet boundary conditions. For D = 3 the degeneracy is d l (3) = 2l + 1, so that the starting point of the calculation reads (we omit further indication of the dimension in the notation)
As it stands, the representation (3.1) is valid for ℜs > 3/2. However, we are interested in the properties of ζ D (s) in the range ℜs < 0 and thus, we need to perform the analytical continuation to the left domain of the complex plane. Before considering in detail the l-summation, we will first proceed with the k-integral alone. The first specific idea is to shift the integration contour and place it along the imaginary axis. In order to avoid contributions coming from the origin k = 0, we will consider (with ν = l + 1/2) the expression
where the additional factor k −ν in the logarithm does not change the result, for no additional pole is enclosed. One then easily obtains
valid in the strip 1/2 < ℜs < 1. A similar representation valid for m = 0 has been given in [40, 41] .
As the second step of our method, we make use of the uniform expansion of the Bessel function I ν (k) for ν → ∞ as z = k/ν fixed [42] . One has
. The first few coefficients are listed in [42] , higher coefficients are immediate to obtain by using the recursion [42] 
starting with u 0 (t) = 1. As is clear, all the u k (t) are polynomials in t. Furthermore, the coefficients D n (t) defined by
are easily found with the help of a simple computer program. Now comes what can be considered as the third step of our method. By adding and subtracting N leading terms of the asymptotic expansion, Eq. (3.6), for ν → ∞, Eq. (3.3) may be split into the following pieces
with the definitions
and
The essential idea is conveyed here by the fact that the representation (3.7) has the following important properties. First, by considering the asymptotics of the integrand in Eq. (3.8) for z → mR/ν and z → ∞, it can be seen that the function
is analytic on the strip (1 − N)/2 < ℜs < 1. For this reason, it gives no contribution to the residue of ζ D (s) in that strip. Furthermore, for 
(3.12)
As they stand, the A ν,D i (s) in Eqs. (3.9), (3.10) and (3.11) are well defined on the strip 1/2 < ℜs < 1 (at least). And we will now show that the analytic continuation in the parameter s to the whole of the complex plane, in terms of known functions, can be performed. Keeping in mind that D i (t) is a polynomial in t, all the A ν,D i (s) are in fact hypergeometric functions, which is seen by means of the basic relation [43] 
Let us consider first in detail A ν,D −1 (s), , and the corresponding A
where in the last equality we have used that 2 F 1 (a, s; a; x) = (1 − x) −s . The next step is to consider the summation over l. For A ν,D −1 (s) this is best done using a Mellin-Barnes type integral representation of the hypergeometric functions 15) where the contour is such that the poles of Γ(a + t)Γ(b + t)/Γ(c + t) lie to the left of it and the poles of Γ(−t) to the right [43] . After interchanging the summation over l and the integration in (3.15), the result will be a Hurwitz zeta function, which is defined as
However, as is well known, one has to be very careful with this kind of manipulations, what has been realized and explained with great detail in [44, 45, 46] . This point is of crucial importance (it has been the source of many errors in the literature over the past ten years [31] ) and can be considered as the fourth step of our original procedure here. Applying the method, as described in the mentioned references, to
it turns out that we may interchange the l and the integral in Eq. (3.15) only if for the real part ℜC of the contour the condition ℜC < −1 is satisfied. However, the argument Γ(−1/2 + t)Γ(s − 1/2)/Γ(1/2 + t) has a pole at t = 1/2. Thus the contour C coming from −i∞ must cross the real axis to the right of t = 1/2, and then once more between 0 and 1/2 (in order that the pole t = 0 of Γ(−t) lies to the right of it), before going to +i∞. That is, before interchanging the sum and the integral we have to shift the contour C over the pole at t = 1/2 to the left, cancelling the (potentially divergent) second piece in A D −1 (s). Closing then the contour to the left, we end up with the following expression in terms of Hurwitz zeta functions
For A D 0 one only needs to use the binomial expansion in order to find
The series are convergent for |mR| < 1/2. These representations (3.17) and (3.18) show very clearly the analytic structure of A D −1 (s) and A D 0 (s). As the fifth (and final) step of our procedure, we are left with the quite simple task of explictly evaluating this analytic structure, namely of finding its poles and some point values, and of adding all contributions together.
The point values A D −1,0 (−p), p ∈ IN 0 -respectively their residues in s = 1/2, −(2l + 1)/2, l ∈ IN 0 -necessary for the calculation of the associated heat-kernel coefficients are immediate to obtain, using just
However, before we can actually calculate (an in principle arbitrary number of) the heatkernel coefficients, we need to obtain analytic expressions for the A 20) which coefficients x i,a are easily found by using Eqs. (3.5) and (3.6) directly, or either by using the direct recursion relations presented in appendix A. Thus the calculation of A ν,D i (s) is essentially solved through the identity
The remaining sum may be done as mentioned for A D 0 , and we end up with
In summary we have obtained the analytic expression of all the asymptotic terms coming from expansion (3.4) in its most elementary form, which involves the very familiar Hurwitz zeta functions and Gamma functions only. Expressions (3.17), (3.18) and (3.22) constitute the explicit starting point for the calculation of an -in principle arbitrarynumber of heat-kernel coefficients in an extremely quick way.
4 Heat-kernel coefficients for Dirichlet boundary conditions on the three-dimensional ball
Let us now see how the analysis in Sect. 2 can be used for a very effective calculation of the heat-kernel coefficients. The dependence of the coefficients on the mass is already contained in the coefficients of the massless case through
and for this reason we shall restrict ourselves to m = 0. For the sums in (3.17), (3.18) and (3.22) this means that only j = 0 will contribute. We shall distinguish between the coefficients B k with integer and half-integer index k, because the situation is actually different in both cases. In fact, corresponding to Eq. (1.3) (resp. Eq. (1.4) ), the residue of (resp. the value of the function) ζ D is needed.
Let us start with the case of integer index k ∈ IN, so that Res ζ D (3/
and for n ∈ IN, n ≤ k − 1, k ≤ 3n,
whereas for n ≤ k − 1, k > 3n, we have
From these results we readily obtain the heat-kernel coefficients through 
And from these results, we finally obtain
The heat-kernel coefficients B k+ 1 2 are listed in appendix B too. Using ζ H (−n; q) = −B n+1 (q)/(n + 1), n ∈ IN 0 , the results might have been given, equivalently, in terms of Bernoulli polynomials B n+1 (q).
Robin boundary conditions on the three-dimensional ball
When Robin boundary conditions are imposed, using the same method of the preceding sections we can write the zeta function as
and, in analogy with Eq. (3.3), we then consider
Employing the same idea as for Dirichlet boundary conditions, this time we have in addition the following uniform asymptotic expansion [42] 
with the v k (t) determined by
In analogy with Eq. (3.6), we write (notice that here, in contrast with the case of Dirichlet boundary conditions, all powers between i and 3i are present). As a result, we find
One can show again that only the even indices i contribute to the residues of ζ R (s), whereas the odd ones will contribute to the point values.
Restricting ourselves as before (see the comment in the previous section) to the massless case, the results for the heat-kernel coefficients may now be read off from the formulas in the previous section. One has
where the expressions for A R 2n−1 are found from the results in Sect. 3, once x 2n−1,a has been replaced with z 2n−1,2a . The coefficients for Neumann boundary conditions are given in appendix C, and for the general case (u arbitrary) in appendix D. For the point values the analogous formulas read
and once more the replacement of x 2n,a with z 2n,2a leads to the results for A 
Generalization to the D-dimensional ball
As we will now explain, for the generalization of our results to the case of a D-dimensional ball almost no additional calculations are necessary. Let us discuss first the case of Dirichlet boundary condition. The starting point of the analysis is now
It is easy to see that the above treatment for the individual terms of the l-series,
remains valid, once we have set ν = l + (D − 2)/2. In order to use our procedure for the whole l-summation, what remains to be done is to substitute for the degeneracy d l (D) its value in powers of l + (D − 2)/2, in order to find again expressions in terms of the Hurwitz zeta function ζ H (s; (D − 2)/2). Writing 
22). We find
We shall spare the reader the analogous results for Robin boundary conditions. They need not be given explicitly, since the procedure is absolutely clear by now. Let us just write down the relevant residues and point values of ζ D (s) (the Robin case follows from the replacements explained in Sect. 5). They read
whereas for k ≤ n, it reads
For higher indices it is adviceable to distinguish between D even and D odd. For D odd contributions arise for n = k, ..., k + (D − 3)/2, and read
whereas for D even the indices run from n = k, ..., k + (D − 4)/2, and the results are
Let us conclude with the list of point values. The leading asymptotics A D −1 gives only contributions for k = 0,
Furthermore, for n = 1, ..., k − 1, we have
Finally, for D odd and for n = k, ..., k + (D − 3)/2,
whereas for D even the indices run from n = k + 1, ..., k + (D − 2)/2, and the result reads
The formulas above simplify a bit if we write the degeneracy (2.6) under the form 
where we have used the definitions e −k (D) = 0 for k ∈ IN 0 and e α (D) = 0 for α > D − 2. We have performed explicit calculations for D = 4 and D = 5. One has in these cases
2 , e 1 (4) = 0, e 2 (4) = 1,
The results for the heat-kernel coefficients are presented in Apps. B, C and D.
As promised in the introduction, we have developed in this paper a very convenient method in order to deal with the problem of the calculation of heat-kernel coefficients corresponding to an arbitrary elliptic operator with any of the usual boundary conditions (Dirichlet, Neumann or Robin), with the only proviso that the behavior of some basis for its spectrum should be known (even if the eigenvalues themselves are actually unknown). This is indeed a very common case in mathematical physics, what conferes to our procedure a wide generality of application. Another fundamental characteristic of the method is its extreme simplicity, which comes in part from the quite strong background on zeta function computations that we have acquired during the last half a dozen years. This knowledge conferes to the new method the same elegance that the procedure of zeta function regularization (including the analytic continuation techniques and non-trivial series commutation that it involves) has in itself.
Finally, we have tried our method with explicit examples and give several tables of heat-kernel coefficients that have been calculated here (with relative easiness) for the first time. For the near future we envisage to investigate other physical applications where the method can prove useful.
Note: At the final stage of our analysis, P. Gilkey made us aware of related research by M. Levitin [47] , who has further developed the approach of Kennedy [34, 35] , also with the aim of calculating higher-order heat-kernel coefficients. We are indebted with M. Levitin for sending us his results, which have served as a very good check of our calculations. All results in common with his are in complete agreement.
A Recursion relation for the coefficients x i,a
In this appendix we present the recursion relations for the coefficients x i,a , Eq. (3.20) . For convenience let us introduce for i ∈ IN, a = 0, ..., i,
.
Then, starting with c 1,0 = −1, we find the following recursion relation, This relation can be used very effectively for the calculation of the coefficients x i,a .
B Heat-kernel coefficients for Dirichlet boundary conditions
In this appendix we list our results for the heat-kernel coefficients of the Laplace operator in 3, 4 and 5 dimensions with Dirichlet boundary conditions. Here and in the following appendices, the first coefficients B 0 , ..., B 5/2 are listed for completeness and may also be found in [34, 35] or derived from [12] . In three dimensions we have found that
47048601600R 10
47048601600R 12
In four dimensions the result is
5541538603991040R 11
62419890835355074560R 13
Finally, in five dimensions we obtain In four dimensions This concludes our lists of explicit tables for the heat-kernel coefficients. In the same way, results for any desired dimension D are very easy to obtain from the formulas in the text.
